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A standing difficulty in the problem of blood vessel tethering has been that only one of the two required
boundary conditions can be fully specified, namely, that at the inner �endothelial� wall surface. The other, at the
outer layer of the vessel wall, is not known except in the limiting case where the wall is fully tethered such that
its outer layer is prevented from any displacement. In all other cases, where the wall is either free or partially
tethered, a direct boundary condition is not available. We present a method of determining this missing
boundary condition by considering the limiting case of a semi-infinite wall. The result makes it possible to
define the degree of tethering imposed by surrounding tissue more accurately in terms of the displacement of
the outer layer of the vessel wall, rather than in terms of equivalent added mass which has been done in the
past. This new approach makes it possible for the first time to describe the effect of partial tethering in its full
range, from zero to full tethering. The results indicate that high tethering leads to high stresses and low
displacements within the vessel wall, while low tethering leads to low stresses and high displacements. Since
both extremes would be damaging to wall tissue, particularly elastin, this suggest that moderate tethering
would be optimum in the physiological setting.
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I. INTRODUCTION

Arterial tethering, the effect of surrounding tissue on the
free movement of the arterial wall, has been investigated for
some time, but no satisfactory method of modeling this effect
has been established �1�. The “added mass” concept intro-
duced by Womersley �2� and Morgan �3� works well for a
thin vessel wall in which stress and displacement are as-
sumed to be independent of position within the wall thick-
ness. The aim of this paper is to relax this assumption in
order to actually explore the distributions of stress and dis-
placement within the thickness of the vessel wall.

As a result of pulsatile flow, blood vessels are subject to
two principal forces, namely, pressure in the radial direction
and shear force in the axial direction. Focus in the past has
been largely on the effects of radial forces �1,4,5�. In this
paper we focus on forces in the axial direction because it has
been shown recently that displacements in that direction are
as significant as those in the radial direction �5�. Also, dis-
placements in the axial direction are driven by the shear
force exerted by pulsatile flow on endothelial tissue, which is
then transmitted to other layers of the vessel wall, thus cre-
ating a field of shear stresses within the wall which as yet
have not been fully explored. Here the extent to which the
vessel is tethered is particularly critical because it determines
the magnitude of these stresses and their distribution within
the wall thickness.

The extent of tethering can be quite different in different
parts of the vascular system. In the case of cerebral arteries
which are surrounded by cerebrospinal fluid, there is very
little tethering and the vessels are fairly free to move �6�. In
the case of coronary arteries, by contrast, the vessels are
highly tethered to surrounding tissue, many being imbedded
within the myocardium. The issue of partial tethering is
therefore important but there has not been an effective way
of dealing with it in the past in terms of either the concept of

added mass �2,3� or that in which tethering is viewed as
stress response of the surrounding medium on the outer layer
of the vessel wall �1,7–9�. Indeed, the definition of partial
tethering in these terms is rather difficult. In this paper we
propose a definition of partial tethering in terms of displace-
ment of the outer layer of the vessel wall and use that defi-
nition to determine the longitudinal stresses and displace-
ments within the thickness of the vessel wall.

II. LONGITUDINAL TETHERING DEFINED

While tethering is clearly defined in the two extreme and
rather idealized cases where the outer layer of the vessel wall
is either entirely free from or completely restrained by sur-
rounding tissue, a definition is lacking in the more relevant
cases of partial tethering where the outer layer of the vessel
wall is not completely restrained nor entirely free. The con-
cepts of added mass or of changed parameter values in the
governing equations which have been used in the past �8,9�
do not provide a practical measure of partial tethering be-
cause neither the added mass nor the parameter values can be
adequately interpreted or estimated in the physiological situ-
ation.

We propose a definition of tethering based on the longi-
tudinal displacement of the outer layer of the vessel wall,
which recent advances in imaging technology have made it
possible to not only visualize but actually measure �10�.

It is important to recognize that when the vessel wall is
entirely free from tethering by surrounding tissue, the outer
layer of the wall undergoes some nonzero displacement as a
result of the oscillatory shear force at the inner wall layer.
We denote the non-time-dependent coefficient of that dis-
placement by �1,0, the first subscript referring to the outer
layer of the wall, and the second denoting zero tethering, and
use this as a baseline for the corresponding coefficient of
displacement of the outer layer of the wall when the wall is
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not entirely free from surrounding tissue, the latter being
denoted by �1,�, where � refers to the presence of nonzero
tethering.

The ratio ��1,�� / ��1,0� is now used to define a degree of
tethering �, ranging in value from 0 when the wall is free to
1.0 when the wall is fully tethered, namely,

� = 1 −
��1,��
��1,0�

. �1�

The absolute value signs indicate that in general both �1,0 and
�1,� may be complex because of the wall material. At this
stage both �1,� and �1,0 are unknown. In what follows we
present an analytical solution of the governing equation first
to find �1,0 and then to determine �1,� for any prescribed
degree of tethering.

III. ANALYTICAL PROBLEM: UNKNOWN BOUNDARY
CONDITION

Analytically, the problem of tethering can be posed as a
solution of a second-order differential equation in the axial
displacement ��r , t� of material elements of the vessel wall
�14�,

�
�2�

�t2 = E�� �2�

�r2 +
1

r

��

�r
� , �2�

where r is the radial coordinate, t is time, � is density of the
wall material, and E� is complex viscoelasticity modulus
which depends on the mechanical properties of the wall �15�.
This equation is a simplified form of the full equations gov-
erning viscoelastic motion in a three-dimensional medium,
using simplifying assumptions generally used for the vessel
wall and in particular the assumption that the length of the
propagating wave is much larger than the vessel length
�14,1�. Solution of the full equations in all three dimensions
becomes intractable because of the number of unknown co-
efficients involved, which practically eliminate the possibil-
ity of an analytical solution �11–13�. The focus in the present
paper is on the tethering problem outlined in the Introduc-
tion, which arises principally in the longitudinal direction
because of the forces of pulsatile flow in that direction. This
problem is hence appropriately captured in Eq. �2�. This
equation also offers the advantage of an analytical solution
which facilitates the discussion and ultimate resolution of the
missing boundary-condition problem.

The difficulty with the solution of Eq. �2� has been that
only one of the two required boundary conditions can be
fully specified, namely, that at the inner �endothelial� wall
surface where the no-slip boundary condition requires that
the blood velocity and wall velocity be the same, which thus
provides a boundary condition at r=a in terms of ��a , t�,
where a is the vessel radius. The other boundary condition,
at r=a+h, where h is the wall thickness, is not known except
in the limiting case where the wall is fully tethered to the
extent that its outer layer is prevented from any displace-
ment, which thus provides the boundary condition ��a
+h , t�=0. In all other cases, where the wall is either free or

partially tethered, a direct boundary condition is not avail-
able.

Consider first an inner boundary condition of the form

��a,t� = �0ei�t, �3�

where �0 and � are the amplitude and frequency of a single
harmonic oscillation, which may be considered as one com-
ponent of an oscillatory flow waveform �16�. If the wall ma-
terial is assumed to be homogeneous, displacements and
stresses throughout the wall thickness will have the same
oscillatory form as, though in general not in phase with,
oscillations at the inner boundary. In particular, longitudinal
displacement of the outer layer of the wall will have the form

��a + h,t��� = �1,�ei�t, �4�

where �1,� is the unknown, generally complex, non-time-
dependent coefficient of displacement of the outer layer of
the wall introduced in the previous section. The general so-
lution of Eq. �2� is of the form

�̄�r,t� = �AI0��� + BK0����ei�t, �5�

where I0 and K0 are modified Bessel functions of order zero
of first and second kind, respectively, and A and B are con-
stants of integration determined from the two boundary con-
ditions

A = A1 =
K0��1� − K0��0���̄1,��

K0��1�I0��0� − I0��1�K0��0�
,

B = B1 = −
I0��1� − I0��0���̄1,��

K0��1�I0��0� − I0��1�K0��0�
, �6�

and

�̄ = �/�0, ��̄1,�� = ��1,��/�0,

� = ��r̄ + a/h�,�0 = �a/h,�1 = ��a + h�/h ,

r̄ = �r − a�/h ,

� = �h��/E�. �7�

The solution in Eq. �5� with the constants A1 and B1 is in-
complete because of the unknown coefficient �1,� which ap-
pears in the constants of integration. Note that because the
viscoelasticity modulus E� is complex and hence so is � and
�, the displacements in Eq. �5�, will in general be out of
phase with that of the inner boundary in Eq. �3�.

IV. CURRENT METHOD OF DEALING WITH TETHERING

Modeling the stress exerted by surrounding tissue was
introduced by Patel in 1966 �7� in which the stress was
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represented by a spring, a dashpot, and a lumped mass in
general, but in the case of a free vessel only the inertial
component was taken �7–9�. The model was widely used by
others, to study the radial stress �1�, using the assumption
that the wall thickness was small enough that the stress was
uniform �8�, or using a numerical scheme to solve the prob-
lem �9�.

In the case of a free vessel, the shear stress at the outer
boundary was taken as �7�

��a + h,t� = �h
�2�

�t2 , �8�

which is an approximation of the full equation of motion of
material elements within the vessel wall, namely, �14�

�
�2��r,t�

�t2 =
���r,t�

�r
+

��r,t�
r

. �9�

The term ���r , t� /�r represents the shear stress variation
within the wall thickness and it was omitted in Eq. �8� on the
grounds that the wall is sufficiently thin. In the present study
we retain this term in order to actually explore the shear
stress variation within the vessel wall with different degrees
of tethering. The solution we seek is based on the full equa-
tion of motion �Eq. �9��, which in terms of displacement is
that given in Eq. �2�.

V. LIMIT OF TETHERING AT INFINITY

We present a method of dealing with the unknown outer
boundary condition for the free vessel wall by considering
the limiting case of a semi-infinite wall fully tethered at in-
finity and solve Eq. �2� together with the inner boundary
condition in Eq. �3�. In fact, since the general solution of Eq.
�2� already given in Eq. �5� is not restricted to a finite wall, it
applies in this case too. In order to satisfy the outer boundary
condition at infinity, however, the solution must meet the
requirement that

lim
r→�

��̄�r,t�� = lim
r→�

�AI0��� + BK0�����ei�t� = 0. �10�

Now since

lim
r→�

�I0���� = � , �11�

it follows that A=0 and using the inner boundary condition
in Eq. �3�, the other constant is given by

B =
1

K0��0�
. �12�

Thus, the displacement at any radial position r in the semi-
infinite wall is given by

�̄�r,t� =
1

K0��0�
K0���ei�t. �13�

In fact, the same results can be reached in this case
without imposing the fully tethered boundary condition at
infinity, using instead what has been termed the “radiation
condition” �17�. Briefly, the governing equation �Eq. �2�� is a
hyperbolic �wave� equation in which the two terms in the
general solution �Eq. �5�� represent waves moving in the
positive �B-term� and negative �A-term� r directions. The lat-
ter is zero in this case because of the absence of any source
of wave reflections at a finite distance from the inner bound-
ary �r=a�. Thus the term representing such waves in the
general solution is zero, leading to the results in Eqs. �12�
and �13�.

VI. UNTETHERED WALL: PROPOSED SOLUTION

From the solution for a semi-infinite wall in the previous
section, the displacement of any layer of the wall at a dis-
tance r−a from the inner boundary can be calculated. Since
in that solution, tethering is applied at an infinite distance
from the inner boundary, however, its effect at finite dis-
tances from the inner boundary is zero. Thus, in the semi-
infinite wall, displacements obtained at finite distances from
the inner boundary are not due to the tethering at infinity but
to the inner boundary condition only. In other words, they are
the displacements that would be produced in an untethered
wall of finite thickness, because in both the finite free wall
and the semi-infinite tethered wall the displacements at finite
distances from the inner boundary are produced by the inner
boundary condition only. In particular, the displacement at
the outer layer r=a+h of an untethered wall, using Eqs. �13�,
�4�, and �7� can be obtained from

�̄�a + h,t���=0 = �̄1,0ei�t =
K0��1�
K0��0�

ei�t, �14�

hence

�̄1,0 =
�1,0

�0
=

K0��1�
K0��0�

, �15�

where �̄1,0 is the non-time-dependent coefficient of displace-
ment at the outer layer of an untethered wall ��=0� of thick-
ness h, which thus provides the missing boundary condition
required for the finite untethered wall.

VII. PARTIAL TETHERING

With the definition of � in Eq. �1� and the value of �̄1,0 in
Eq. �15�, the material constants A1 , B1 from Eq. �6� are now
fully determined for any degree of tethering, namely,

A1 =
K0��1� − K0��0��1 − ����̄1,0�
K0��1�I0��0� − I0��1�K0��0�

,

B1 = −
I0��1� − I0��0��1 − ����̄1,0�

K0��1�I0��0� − I0��1�K0��0�
. �16�
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To find the stress distribution ��r , t� at different layers of
the vessel wall, we use the constitutive relationship �14�

� = E�
��

�r
�17�

and using Eq. �5�, the stress in normalized form is given by

�̄�r,t� = 	��A1I1��� − B1K1����ei�t, �18�

where I1, K1 are modified Bessel functions of order one of
first and second kind, respectively, and

�̄ =
�h

�0E1
, �19�

	 = E�/E1. �20�

Unlike the displacements, which are normalized in terms of
the displacement at the inner boundary �Eq. �7��, the shear
stress is here normalized in terms of a constant elastic modu-
lus E1 because the shear stress at the inner boundary, ��a , t�,
is different for different materials. In the results to follow we
take E1=0.411 MPa �15�.

VIII. GENERALIZATION TO PHYSIOLOGICAL
WAVEFORM

To generalize these results to a physiological form of pul-
satile blood flow where the displacement at the inner wall is
a composite waveform derived from a cardiac pressure wave,
we consider an inner layer boundary condition as the sum of
ten harmonics


�a,t� = 	
n=1

n=10

Mn cos�n�t� + Nn sin�n�t� , �21�

where Mn, Nn are Fourier coefficients of a composite wave-
form given in �16�.

The displacement and stress distributions based on this
boundary condition and for any degree of tethering, using
Eqs. �5� and �18�, are then given by


̄�r,t� =
1


0
	
n=1

10

MnR
�A1nI0��n� + B1nK0��n��ein�t�

+
1


0
	
n=1

10

NnI
�A1nI0��n� + B1nK0��n��ein�t�

�22�

and

T̄�r,t� =
1


0
	
n=1

10

MnR
�n	n�A1nI1��n� − B1nK1��n��ein�t�

+
1


0
	
n=1

10

NnI
�n	n�A1nI1��n� − B1nK1��n��ein�t� ,

�23�

where A1n and B1n �n=1 to 10� are given by

A1n =
K0��1n� − K0��0n��1 − ��
̄1,0

K0��1n�I0��0n� − I0��1n�K0��0n�
,

B1n = −
I0��1n� − I0��0n��1 − ��
̄1,0

K0��1n�I0��0n� − I0��1n�K0��0n�
, �24�

�n = �nr/h, �0n = �na/h,�1n = �n�a + h�/h ,

0 1
0

1

maxt(Ξ̄(r̄, t))|δ=0

r̄

a
a

b b

c c

FIG. 1. �Color online� Displacement amplitude �within one os-
cillatory cycle� at different depths within the thickness of an unteth-
ered wall as determined from the limiting solution in Eq. �22� with
tethering at infinity �solid� compared with the approximate results
in Eq. �32� �dashed� for the viscous �a�, viscoelastic �b�, and rigid
�c� materials defined in Table I.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

maxt(T̄ (r̄, t))|δ=0

r̄

a a

b b

c c

FIG. 2. �Color online� Shear stress amplitude �within one oscil-
latory cycle� at different depths within the thickness of an unteth-
ered wall as determined from the limiting solution in Eq. �23� with
tethering at infinity �solid� compared with the approximate results
in Eq. �33� �dashed�, for the viscous �a�, viscoelastic �b�, and rigid
�c� materials defined in Table I.
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�n = n�h��/En
�,

	n = En
�/E1, �25�

and


0 = maxt�
�a,t�� , �26�


̄1,0 = maxt 
̄�a + h,t���=0

= maxt� 1


0
	
n=1

10 MnR�K0��1n�
K0��0n�

ein�t�
+ NnI�K0��1n�

K0��0n�
ein�t��� , �27�


̄1,� = maxt 
̄�a + h,t���, �28�

and finally

� = 1 −

̄1,�


̄1,0

�29�

is the generalized definition of tethering when the displace-
ment imposed at the inner boundary condition is in the form
of a composite wave, as in Eq. �21�. The notation maxt here
represents the maximum displacement within one oscillatory
cycle of the composite wave. Similar notation for the stress
is used in the figures and tables, namely,

T̄1,0 = maxt T̄�a + h,t���=0, �30�

T̄1,� = maxt T̄�a + h,t���. �31�

For comparison, the corresponding results based on the
approximate boundary condition in Eq. �8� are given by

h

a

0 ΞΞ
1,0

r

FIG. 3. �Color online� The way in which the displacement of the
outer layer of an untethered wall of thickness h is obtained from the
limiting case of a semi-infinite wall fully tethered at infinity �bold�,
thus providing the missing outer boundary condition for the former.

0 0.2 0.4 0.6 0.8 1
0

1

Ξ
0

δ

Ξ
1,δ

a b c

h

Ξ
1,δ

(=Ξ
1,δ

/Ξ
0
)

FIG. 4. Displacement amplitude at the outer layer of the vessel
wall �Eq. �22�� with different degrees of tethering ��� and for dif-
ferent categories of wall material: viscous �a�, viscoelastic �b�, and
rigid �c� as defined in Table I. As shown in the inset, 
1,� is the
outer layer displacement amplitude for a tethered wall and 
0 is the
inner layer displacement amplitude which derives from the inner
boundary condition and which is the same for the three material
categories.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

T̄1,δ

δ a b c

FIG. 5. Shear stress amplitude at the outer layer of the vessel
wall �from Eq. �23�� with different degrees of tethering ��� and for
different categories of wall material: viscous �a�, viscoelastic �b�,
and rigid �c� as defined in Table I.
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̄�r,t� =
1


0
	
n=1

10

MnR
�A2nI0��n� + B2nK0��n��ein�t� +
1


0
	
n=1

10

NnI
�A2nI0��n� + B2nK0��n��ein�t� �32�

and

T̄�r,t� =
1


0
	
n=1

10

MnR
�n	n�A2nI1��n� − B2nK1��n��ein�t� +
1


0
	
n=1

10

NnI
�n	n�A2nI1��n� − B2nK1��n��ein�t� , �33�

where

A2n =
K1��1n� − �nK0��1n�

K0��0n��I1��1n� + �nI0��1n�� + I0��0n��K1��1n� − �nK0��1n��
,

B2n =
I1��1n� + �nI0��1n�

K0��0n��I1��1n� + �nI0��1n�� + I0��0n��K1��1n� − �nK0��1n��
, �34�

and


̄�r,t� =

�r,t�


0
, �35�

T̄�r,t� =
hT�r,t�
E1
0

. �36�

IX. RESULTS AND COMPARISON WITH APPROXIMATE
SOLUTION

In general, our results indicate that the oscillatory shear
force exerted by blood flow on the endothelial layer of the
vessel wall, and the arresting effect of perivascular tissue on
the outer layer of the wall together induce longitudinal dis-
placements and stresses within the vessel wall, which depend
critically on the viscoelasticity of the wall material and on
the degree of tethering. Comparison of our results with those
based on the approximate boundary condition is possible

only in the case of zero tethering. The difference between the
two is significant as seen in Figs. 1 and 2.

The way in which the displacement of the outer layer of
an untethered wall of thickness h is obtained from the limit-
ing case of a semi-infinite wall fully tethered at infinity, thus
providing the missing outer boundary condition for the
former, is illustrated in Fig. 3.

Figures 4 and 5 show the amplitudes of maximum dis-
placement and shear stress, respectively, at the outer layer of
the vessel wall for different materials and different degrees
of tethering. With zero tethering ��=0�, the outer layer un-
dergoes maximum displacement and minimum shear stress.
With full tethering ��=1�, the displacement is zero at the
outer layer and the shear stress is maximum. With the same
degree of tethering but different wall materials, the displace-
ment and stress is greater with higher elasticity and smaller
with higher viscosity.

Table I provides the parameter values of the three wall
materials on which the results are based: �i� purely viscous
�zero elasticity�, �ii� viscoelastic, and �iii� rigid �zero viscos-
ity�. The last column shows a reference value of the dynamic

TABLE II. Normalized displacement amplitudes 
̄1,� at the outer layer of the vessel wall, for different
degrees of tethering � and different material categories.


̄1,� �=0 �=0.25 �=0.5 �=0.75 �=1

Viscous 0.13 0.10 0.07 0.03 0

Viscoelastic 0.39 0.29 0.20 0.10 0

Rigid 0.60 0.45 0.30 0.15 0

TABLE I. Parameter values used for the three categories of vessel wall materials.

E0 /E1 � � 1 /E1 2 /E1 E���=1 Hz�

Viscous 0 1 1 0.0007 0.0007 0.004i

Viscoelastic 0.1 0.11 0.8 0.005 0.005 0.12+0.014i

Rigid 1 0 0 0.05 0.05 1.24

S. HODIS AND M. ZAMIR PHYSICAL REVIEW E 80, 051913 �2009�

051913-6



modulus E� at a frequency of 1 Hz, but it is important to note
that in general and for living tissue E� is actually a function
of frequency �15�.

In Table II we present the amplitude of the outer layer
maximum displacement in different wall materials and for
different degrees of tethering, and the corresponding values
of the shear stress are given in Table III. In general, as teth-
ering increases, displacements decrease and stresses increase.
The only exception is in the case of a purely viscous material
because of the missing elastic content and the small value of
the dynamic modulus �E�=0.004i for �=1 Hz�.

X. CONCLUSIONS

The missing outer boundary condition of an untethered
arterial wall of finite thickness in pulsatile blood flow can be
obtained by considering the limiting case of a semi-infinite
wall fully tethered at infinity. The results, using the full equa-
tion of motion, provide more accurate values of longitudinal
displacements and stresses within the vessel wall than has
been possible in the past based on an approximate boundary
condition.

The degree of tethering imposed by surrounding tissue
can be defined more accurately in terms of the displacement
of the outer layer of the vessel wall which with new technol-
ogy can actually be measured �10�, rather than in terms of
equivalent added mass which cannot be quantified. Displace-

ment of the outer layer of a partially tethered wall, relative to
that in which the wall is untethered and which our results
have now determined, provide a more accurate definition of
the degree of tethering of the partially tethered wall.

This approach makes it possible for the first time to de-
scribe the effects of partial tethering in its full range, from
zero to full tethering. The results indicate that high tethering
leads to high stresses and low displacements within the ves-
sel wall, while low tethering leads to low stresses and high
displacements. Since both extremes would be damaging to
wall tissue, particularly elastin, this suggests that moderate
tethering would be optimum in the physiological setting.
This is consistent with the observation that in different parts
of the cardiovascular system arteries are generally tethered to
various degrees but are rarely totally tethered or totally un-
tethered.

The analytical solutions on which our results are based
have been made possible only by the separation of longitu-
dinal and radial effects and the assumption of a homoge-
neous wall material, both of which impose obvious limita-
tions on this approach. However, the approach has been
valuable in achieving the main objectives of our study,
namely, the definition of tethering and the missing boundary
condition. To extend this approach to a multilayered wall
would clearly require some modifications in order to take
into account the different displacements occurring at the in-
terfaces between the layers.
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Viscoelastic 0.05 0.06 0.06 0.07 0.08

Rigid 0.33 0.46 0.60 0.74 0.89

ARTERIAL WALL TETHERING AS A DISTANT BOUNDARY… PHYSICAL REVIEW E 80, 051913 �2009�

051913-7


